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A cohomology theory H, for inverse semigroups was introduced by 
Lausch ]6] who used it to classify the extensions of inverse semigroups. In 
this paper we first show that the cohomology H, can be derived as the 
cohomology of a suitable small category D(S). This approach has some 
distinct advantages over Lausch’s method of introducing the cohomology. 
First of all, our method of defining the cohomology yields a cohomology 
theory for arbitrary semigroups. Second, this method is more suitable for 
studying the functorial properties of the cohomology groups. Third, the small 
category D(S) is also directly useful in the study of semigroups. 
We next study the connections of the cohomology of the category 
D(S)--S an inverse semigroup-with that of the cohomology of the 
maximum group homomorphic image of S and also with that of the 
cohomology of the semilattice E(S) of idempotents of S. Finally, using the 
category D(S), we obtain an alternative proof of a theorem of O’Carroll, 
describing an inverse semigroup S in terms of the quotient of S by a given 
idempotent-determined congruence on S and a certain partially ordered set 
1161. 
The paper consists of five sections. After giving the necessary 
preliminaries on the cohomology of small categories in Section 1, we define 
in Section 2 the category D(S) and list some of its properties. We show that, 
for inverse semigroups, the cohomology of D(S) is canonically isomorphic to 
the cohomology H, of Lausch. We further show that, for regular semigroups, 
the category D(S) is equivalent to the category D(S) considered by Leech in 
]8] so that they determine the same cohomology. 
Section 3 relates the cohomology of D(S) (S an inverse semigroup) to the 
cohomology of the maximum gronp homomorphic image of S. In particular 
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we prove that the classifying space of D(S) is homotopy equivalent to the 
classifying space of the maximum group homomorphic image G of S and 
that the homology of D(S) reduces to the homology of the group G. 
Section 4 relates the cohomology of D(S) (S an inverse semigroup) to the 
cohomology of the semilattice E(S) of idempotents of S. As a corollary of 
our results we obtain the interesting result that, for a free inverse semigroup 
S, the nth cohomology groups of D(S) and E(S), for n > 2, are isomorphic. 
In Section 5 we present an alternative proof for O’Carroll’s result and obtain 
a cohomology spectral sequence for an idempotent-determined congruence. 
Throughout this paper functions will be considered as right operators 
while functors will be considered as left operators. 
1. COHOMOLOGY OF A SMALL CATEGORY 
We recall in this section some definitions and results concerning the 
cohomology of small categories in a form suitable for applications in the 
sequel. As a general reference for category theory/homological algebra see 
[ 1, 5, 1 I] and for cohomology of small categories see [3, Appendix II, 
Section 3; 20). 
A category C is said to be small if the objects of C form a set; a small 
category C is called filtered if the following conditions are satisfied: (i) For 
every pair e, e’ of objects in C there is an object e” together with morphisms 
e+e”, e’-+e”; (ii) For any two morphisms U, U: e -+ e’ there is a morphism 
w: e’+e” such that UW= UW. 
Let F: C -+ C’ be a functor of small categories. Let e’ be an object of C’. 
The leftjibre of F over e’, denoted by F/e’, is the category whose objects are 
the pairs (e, u) where e is an object of C and u: F(e) -+ e’ is a morphism in 
C’, and where a morphism from (e, u) to (f, v) is a morphism w: e + f of C 
so that the diagram 
is commutative. A morphism u’: e’ +s’ in C’ induces an obvious functor 
F/u’: F/e’ -+ F/f’. Dually, the right fibre of F under e’ is the category e’/F 
whose objects are the pairs (u, e), e is an object of C, and U: e’ + F(e) is a 
morphism in C’. 
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Let C be a small category. A functor A: C + Ab from C into the category 
of abelian groups will be called a C-module. The abelian group associated 
with an object e of C will be denoted by A, and the homomorphism 
associated with a morphism U: e+ f in C will be denoted by A(u): A,-+A,. 
Let A and B be C-modules; a C-homomorphism 4: A -+ B is a natural 
transformation of functors. We denote by Hom,(A, B) the abelian group of 
all C-homomorphisms from A to B and by Mod(C) the category of C- 
modules and C-homomorphisms. Mod(C) is shown to be an abelian category 
with enough injectives and projectives. 
We denote by A: Ab -+ Mod(C) the diagonal functor which assigns to each 
abelian group A the constant C-module AA defined by (AA), = A for every 
object e of C, and (AA)(u) is the identity homomorphism for every morphism 
u in C. The inverse limit functor @,.: Mod(C) + Ab is right adjoint to the 
exact functor A and hence a left exact functor. Similarly the direct limit 
functor, b“, is left adjoint to A and hence a right exact functor. If C is 
filtered then I&“ is exact; if A is a C-module then &‘A can be described in 
the familiar way as the abelian group whose underlying set is the set of 
equivalence classes in u A, for the following equivalence relation: a - a’, 
where a E A,, a’ E A,,, if and only if there is an object e” and morphisms U: 
e + e”, u’: e’ -+ e” such that aA = a’A(u’). 
Let A, B be C-modules. We denote by A 0 B the C-module defined by 
(ARB)p=A,OB,. Let A, be a projective resolution of A and B* an 
injective resolution of B. We define 
Ext;.(A, B) = H”(Hom,.(A,, B)) = H”(Hom,(A, B”)), 
Torz(A, B) = H,(lim’ A, @B). 
Let A be a C-module. Then, for every n > 0, the nth cohomology group of C 
with coeffkients in A is defined by 
H”(C, A) = Ext;(dZ, A), 
and the nth homology group of G with coeffkients in A is defined by 
H,(C, A) = Torz(dZ, A). 
THEOREM 1.1. The functors H”(C, -), n > 0, define a cohomology 
fumtor H* from Mod(C) to the category of abelian groups which is charac- 
terized bv the following properties: 
(i) H”(C, A) = @,. A; 
(ii) H”(C, A) = 0 for all n > 0 and all injective A. 
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THEOREM 1.2. The finctors H,,(C, -), n > 0, define a homology functor 
H, from Mod(C) to the category of abelian groups which is characterized by 
the following properties: 
(i) H,(C,A)=QcA; 
(ii) H,(C, A) = 0 for all n > 0 and all projective A. 
(That H*(H,) is in fact a cohomology (homology) functor is clear from 
the definition; the uniqueness of the cohomology (homology) functor follows 
from [ 1, Proposition 7.12 I). 
Let F: C--t C’ be a functor of small categories. Then F induces a functor 
F*: Mod(C’) + Mod(C) which sends each C’-module A’ to the composite 
A’o F: C + C’ -+ Ab. F admits a left adjoint U and a right adjoint V, where 
for each C-module A 
(uA),, = Q’@‘(F/e - CA Ab), (1.1) 
(VA),, =&P’l,,.(e’/F-+ C--%Ab). (1.2) 
Here F/e’ + C(e’/F -+ C) denotes the projection functor (e, u) w 
e((u, e> k+ e). 
The next result follows by applying the spectral sequence of a composite 
functor [ 5, p. 2991 for the functors V and @I,,. 
THEOREM 1.3. Let F: C -+ C’ be a functor and A a C-module. Then 
there is a spectral sequence 
Efq4 = HP(C’, (R9V)A) * H’+‘(C, A), 
where R,V are the right derived functors of V. 
2. THE CATEGORY D(S)AND ITS COHOMOLOGY 
Let S be a semigroup. We denote by E(S) the set of idempotents of S and 
by 
e E E(S). (2.1) 
An E(S)-chain is a sequence of idempotents (e,,..., ei,..., e,) of S such that 
eisei+ I or eilPei+, , for i = 0, l,..., n- 1. For xES, we define 
V(x) = {x’ E s ] xx’x = x, x’xx’ = x’ }. (2.4 
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An element x’ E V(x) is called an inverse of x. A pair of elements (x, x’) 
such that x’ E V(x) is called a regular pair in S. 
Let S be a semigroup. Then C(S) will denote the small category whose 
objects are the idempotents of 5 and where a morphism from an idempotent 
e to an idempotent f will be a triple (e, x, x’) with (x, x’) a regular pair in S 
satisfying e > xx’, x’x = J Composition of morphisms is defined by 
(e, x, x’)(x’x, Y, Y’) = (e, xy, y’x’). 
Composition is clearly associative, and (e, e, e) is an identity for the object e. 
Let 0: S --) T be a homomorphism of semigroups. Then there is an induced 
functor C(0): C(S) + C(T) defined by C(e)(e) = et9 on objects e, and by 
C(Q)(e, x,x’) = (e0, x0, ~‘0) on morphisms (e, x, x’). Clearly C is a functor 
from the category of semigroups (with a non-empty set of idempotents) to 
the category of small categories. 
Next we introduce an equivalence relation on C(S) by: (e, x, x’) - (e, y, y’) 
if and only if (y, y’) = (e, . . . e,x, x’e, ... e,), where (e,,..., e,) is an E(S)- 
chain with the following properties: 
(9 e, ,..., e, ,..., e, E w(e); 
(ii) e, = xx’, e, = yy’. 
(2.3) 
We show that - is a congruence on C(S). Clearly - is an equivalence 
relation. Let (e, x, x’) - (e, y, y’); then (y, y’) = (e, a.. e,x, x’e, ..a e,) for 
some E(S)-chain (e, ,..., e,) satisfying (2.3). Let (h, u, u’): h -+ e, (x’x, v, u’): 
x’x + v’v be morphisms of C(S). Using the E(S)-chains (ho,..., h,) and 
(f,,...,f,,), where hi = ueiu’ and fi = ei a.. e,xvv’x’e, .a. ei, 0 < i < n, it can 
be easily seen that (h, ux, x’u’) - (h, uy, y’u’) and (e, xv, u’x’) - (e, yv, u’y’). 
Hence - is a congruence on C(S). 
We write D(S) for the quotient category C(S)/-. The image of a 
morphism (e, x, x’): e -+ f of C(S) under the natural projection C(S) -+ D(S) 
will be denoted by [e, x, x’]. If 8: S --F T is a homomorphism of semigroups 
then 0 induces a functor D(0): D(S)-+D(T) in the obvious way. 
DEFINITION 2.1 [ 151. A regular semigroup S is said to be pseudo- 
inverse if for all e E E(S), w(e) is a semilattice. 
Let e, f be idempotents of a regular semigroup S and S(e,f) the sandwich 
sel of e andf: Thus 
S(e,f)={hEE(S)(he=h=fhandehf=ef) 
= (h E E(S) 1 he = h = fh and h E V(ef)). 
S(e,f) is always non-empty. In fact, if x E V(ef) then fxe E S(e, f). 
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PROPOSITION 2.2. Let S be a regular semigroup. Then C(S) = D(S) ij 
and only if S is a pseudo-inverse semigroup. 
Proof. Suppose that C(S) = D(S) and eE E(S). If f, g E u(e), 
h E S(f, g), then [e,fh, h] and [e, h, hg] are morphisms of D(S). Using the 
E(S)-chain (fh, h, hg) we conclude that [e,fh, h] = [e, h, hg]. Hence 
(e, fh, h) = (e, h, hg) in C(S) so that fh = h and hg = h. Now fg = fhg = 
(fh)(hg) = h E S(f, g). Similarly af E S(g, f). Therefore, fg = (fg)f = 
f(d) = gf: Hence o(e) is a semilattice, S is a pseudo-inverse semigroup. 
Converse is clear. 
Remark 2.3. If G is a group then the category C(G) = D(G) coincides 
with the usual representation of G as a category with a single object, all 
morphisms being invertible. 
Remark 2.4. Recall that a small category C in which, for any two 
objects x and y, the set Mor(x, y) of morphisms from x to y contains atmost 
one element may be regarded as a preorder and that a preorder P may be 
regarded as a category with elements of P as objects and with a unique 
morphism from e to f for e > J If E is a (lower) semilattice then E = C(E) = 
D(E). 
Let S be an inverse semigroup. Since an inverse semigroup is obviously 
pseudo-inverse we see that C(S) = D(S). As each x E S has a unique inverse 
x-’ we denote by (e, x) the morphism [e, x, x-‘1 of D(S). 
Let us now recall the definition of the cohomology functor H, from [6]. 
Let S be an inverse semigroup. An S-module is a semilattice A of abelian 
groups together with a map,4 x S -+A, denoted by (a, x) w ax, and an 
isomorphism E(S) -+ E(A), denoted by e t-+ O,, of semilattices such that 
(i) (a,+a,)x=a,x+a,x,a,,a,EA,xES; 
(ii) (axl)xz = a(x,x,), a E A, x,, x2 E S; 
(iii) ae = a + O,, a E A, e E E(S); 
(iv) 0,x = 0, ,,,,eEE(S),xES. 
If A and B are S-modules then a map 4: A + B is called an S-morphism if 
4 is a homomorphism of semigroups satisfying: 
(i) (ax)4 = (a$)x, a E A, x E S; 
(ii) O,# = 0,, e E E(S). 
The category Mod(S) of S-modules and S-morphisms is an abelian 
category with enough injectives and projectives. Denote by Z, the S-module 
with (Z,), being the additive group of integers labeled by e E E(S) and 
“trivial” S-action, i.e., n,x = nXm,cx, x E S. 
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THEOREM 2.5 16, Corollary 5.61. There exists a cohomology functor H, 
from Mod(S) to the category of abelian groups which is characterized by the 
following properties: 
(i) Hi(A) = Hom,(Z,, A); 
(ii) H:(A) = 0 for all n > 0 and afl injective A. 
Let now S be an inverse semigroup, Mod(S) the category of S-modules 
and Mod(D(S)) the category of D(S)-modules. Let 
F: Mod(S) + Mod(D(S)) 
be the functor which assigns to every S-module A the D(S)-module FA: 
D(S) + Ab which associates to every object e of D(S) the abelian group 
A, = {a E A 1 a - a = O,}, and to every morphism (e, x): e + f of D(S) the 
homomorphism x]~,,: A, + A,, where (a)~],~,, = ax for all a E A,. Further F 
assigns to every S-morphism 4: A -+ B the D(S)-homomorphism F#: 
FA -+ FB given by (Fo), = 4 lil,,: A, + B, for every object e of D(S). 
LEMMA 2.6. F: Mod(S) -+ Mod(D(S)) is an isomorphism. 
Proof: We define a functor F’: Mod(D(S)) -+ Mod(S) as follows. Let K 
be a D(S)-module. By restricting K to the subcategory E(S) = D@(S)) of 
D(S), by [ 2, Theorem 4.111, we see that K defines a semilattice F’K of 
abelian groups. If a E F’K is an element of the abelian group (F’K), = K, 
and x E S then define ax = aK(e, ex). Under this action F’K is an S-module. 
If I+K K + K’ is a D(S)-homomorphism then the map F’w: F’K -+ F’K’ given 
by F’I,v/I,,. ,,,,,, = ye, e E E(S), is an S-morphism. It is easy to check that F’ is 
a functor from Mod(D(S)) to Mod(S) and that it is an inverse of F. 
As an immediate consequence of Lemma 2.6 we have the following. 
THEOREM 2.1. Let S be an inverse semigroup and let A be an S-module. 
Then there are canonical isomorphisms 
H;(A) = H”(W), F(A)). 
We recall the definition of the category lo(S) from [8,9]. Let S be a 
semigroup with identity. Consider the small category [D(S) whose objects are 
the elements of S and where a morphism from the object x to the object y is 
a triple (u, x, v) such that uxv = y. Composition is defined by 
(u, x, v) 0 (u’, uxv, v’) = (u’u, x, vu’). 
Define a relation on [D(S) by: (u, x, v) N’ (u’, x, v’) if and only if uxv = 
u’xv = uxu’ = z/xv’. =’ is reflexive and symmetric and compatible with 
4R1/10/2-6 
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composition. Therefore the transitive closure P of N’ is a congruence on 
D(S). The category B(S) is defined to be the quotient category D(S)/-. If 
(u, x, u) is a morphism of ID(S) then its image in B(S) will be denoted by 
(u, & v). 
Let S be a regular semigroup with identity. We define a functor a: 
D(S) + a(S) by sending each morphism [e, x, x’] of D(S) into the morphism 
(x’, e, x) of B(S). This is well defined. For, if [e, x, x’] = [e, y, y’] in D(S) 
then there exists an E(S)-chain (e,,..., e,) such that (y, y’) = (e, ... e,x, 
x’e, . . . e,) and satisfying (2.3). Therefore, by putting, 
si = (x’e, ... ej, e, ei ... e,x), O<i<n, 
we see that (x’, e, x) = s,, =’ s, =’ ..a 2’ s, = (y’, e, y). Hence (x’, e, x) = 
(y’, e, y> in WI. 
LEMMA 2.8. a: D(S)-+ ‘D(S) is an equivalence of categories. More 
precisely, there is a finctor /I: B(S) -+ D(S) such that p 0 a = l,o,: D(S) + 
D(S) and l,o, E a 0 p: a(S) -+ a(S). 
Proof. Fix a map x tr x*: S + S such that (i) x* E V(x) for all x E S; 
(ii) e* = e for all e E E(S). Define /I: B(S) + D(S) by p(x) = x*x on objects 
x of B(S) and by /3(u, x, v) = [ x*x, x*xuy*y, y*ux] on morphisms (u, x, u): 
x + y of 9(S). One can easily verify that /I is well defined. Clearly /3 0 a = 1. 
Define a natural transformation ,u: l,(,, -+ a 0 /I by associating to each object 
x of a(S) the morphism p(x) = (x*, x, 1) of a(S). If (u, x, v) is a morphism 
of D(S), then 
(x*,x, 1) 0 (y*Ux, x*x, x*xuy*y) 
= ( y*uxx*, x, x*xuy*y) 
= (Y*u, 4 v>, since (y*uxx*, x, x*xuy*y) 2~’ ( y*u, x, V) 
= (u, x, u> o (Y*, Y, 1). 
Therefore ,u is a natural transformation. Since (x*,x, 1) is an isomorphism 
in B(S) with (x,x*x, 1) as its inverse we conclude that iu is a natural 
equivalence. 
Since an equivalence of categories induces isomorphism on the 
cohomology level, we obtain 
THEOREM 2.9. Let A be a ID(S)-module. Then there are canonical 
isomorphisms 
H”(ID(S), A) = H”(D(S), a*A). 
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Let S be an orthodox semigroup. The relation defined by 
6 = {(A Y) E s x s I V(x) = V(Y)1 
is the minimum inverse semigroup congruence on S [4]. Let 0: S -+ S/6 be 
the natural projection and D(e): D(S) + D(S/6) the associated functor. 
PROPOSITION 2.10. The right adjoint V of the functor D(O)*: 
Mod(D(S/G)) --) Mod(D(S)) is exact. Consequently, there are canonical 
isomorphisms 
H”(D(S), A) = H”(D(S/G), VA), for A E Mod(D(S)). 
Proof Let e E E(S) and let d/D(6) be the right fibre of D(0) under e0. 
We show that ef?/D(O) is a category with an initial object. It can be easily 
seen that if [Lx,x’] and [f, y, y’] are two morphisms in eQ/D(e) having the 
same domain and range then [f, x, x’] = [f, y, y’]. Now, if ((e0, x@),f) is an 
object of eO/D(O) then by choosing an inverse x’ E V(x) of x we see that 
[e. exf, fx’e]: e --+ f is a morphism of D(S) making the diagram 
commutative. Hence ((e0, ee), e) is an initial object of eO/D(f3). It follows 
that the inverse limit functor @,O,,o, is exact and hence, by (1.2), V is 
exact. Also V preserves injectives as it is right adjoint to the exact functor 
D(B)*. The result now follows from Theorem 1.1. 
3. RELATIONSHIP WITH THE COHOMOLOGY OF 
MAXIMUM GROUP IMAGE 
We need the following concepts and results from [ 181. 
Let C be a small category. The nerve of C is the simplicial set NC whose 
p-simplices are the diagrams in C of the form e,-+ e, -+ e.. + eP. The 
geometric realization of NC, denoted by BC, is called the classifying space of 
the category C. Let e be an object of C. The nth homotopy group 7c,(C, e) of 
C with base point e is, by definition, the nth homotopy group 7c,(BC, e) of 
the classifying space BC. A functor 0: C+ C’ is called a homotopy 
equivalence if it induces a homotopy equivalence of classifying spaces. The 
category C is said to be contractible if the classifying space BC is contrac- 
tible. 
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THEOREM 3.1. [ 181. Any filtered category is contractible. 
THEOREM 3.2. [ 181. Let 0: C -+ c’ be a functor from the small category 
C to the small category c’. Suppose that for every object e’ of C’ the left 
j?bre B/e’ is contractible. Then B is a homotopy equivalence. 
Let S be an inverse semigroup. Then as shown in [ 131 the relation 
a={(x,y)ESXS~xe=yeforsomeeEE(S)) (3.1) 
is the minimum group congruence on S. We write G = S/a and let 7~: S -+ G 
be the natural projection. 
THEOREM 3.3. The functor D(z): D(S)+ D(G) is a homotopy 
equivalence. Hence, for any object e of D(S), we have n,(D(S), e) = G and 
?r,(D(S), e) = 0 for n > 2. 
Proof: By Theorems 3.1 and 3.2, it is sufficient to show that the left fibre 
D(z)/1 is filtered. (Here 1 denotes the unique object of D(G).) Now D(z)/1 
may be described as the category whose objects are the pairs (e, u), 
e E E(S), u E G, and where a morphism from (e, u) to (f, v) is a morphism 
(e, x): e + f of D(S) such that (xrc)v = u. Let (e, u) and (f, v) be two objects 
of D(n)/l. Suppose xrc = u and yrr = v, for some x, y E S. Then 
(e, ex-‘yfy-‘) is a morphism from (e, u) to (xex-‘yfy- ‘, l), and 
(f,fyplxexp’) is a morphism from (f, v) to (xex- ‘yfy-‘, 1). Next, let (e, x), 
(e, y) be morphisms of D(z)/1 from (e, u) to (f, v). Since (xrr)v = (yrr)v = U, 
XX = yz Therefore, by (3.1), xh = yh for some idempotent h of S. It follows 
that (A fh) is a morphism of D(z)/1 from (f, v) to (fh, v), and (e, x)(f,fh) = 
(e, y)(f, fh). Hence D(n)/1 is filtered. The last statement is a consequence of 
the facts that the homotopy groups of D(G) = G have the stated property 
and that the homotopy equivalence induces isomorphisms of homotopy 
groups. 
The inclusion E(S) = D@(S)) + D(S) induces the restriction functor 
Mod(D(S)) + Mod@(S)). We denote the composite 
Mod(D(S)) - Mod@(S)) = Ab 
also by b”‘“‘. 
LEMMA 3.4. Let D(z)*: Mod(G) + Mod(D(S)) be the functor induced by 
the natural projection 7~: S + G. Then uEcS) is an exact functor, from 
Mod(D(S)) to Mod(G), which is left adjoint to D(z)*. Hence l&“(s) 
preserves projectives and D(X)* preserves injectives. 
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ProoJ Since 
A I-----+ UA = ligDCnM’ (D(n)/1 - D(S) -“-tAb) 
is the left adjoint of the functor D(z)*, it suffices to show that ligECS’A = UA 
for every D(S)-module A. The inclusion a: E(S)-+ 0(71)/l, given by 
ek (e, l), is a functor from E(S) to D(n)/l. Let a*: Mod(D(n)/l)+ 
Mod(E(S)) be the induced functor. If B is a D(n)/1 module then it follows 
that ,&‘%‘a*B = @O’di’ Be H ence, if A is any D(S)-module then the 
diagram 
Mod(D(S)) - MW’(nYl) 
1 g li$l~~/ ‘1 
Mod@(S)) - Ab 
is commutative. In particular QECS) A = UA. The G-module structure on 
&E’S’A is given as follows. Let 5 E tiECS)A and g E G. Suppose a E A, 
and x E S are the representatives of a and g, respectively. Then Cg = 
uA (e, ex). 
The following result shows that the homology of the category D(S) is 
essentially the homology of the group G. 
PROPOSITION 3.5. Let A be any D(S)-module. Then there are canonical 
isomorphisms 
H,(D(S), A) = H,(G, li&-) A). 
ProoJ: Both li&‘“’ and l&” o ~~IJJ~(~) are left adjoints to the diagonal 
functor A: Ab --t Mod@(S)). Therefore tints) is naturally equivalent to 
I&” 0 Ii&(s’. Hence li,(D(S), A) = l&“(” A = l&’ o bECS) A = 
H,(G, li&‘(.‘)A). By Lemma 3.4, bECS) . is exact and preserves projectives. 
Now the resu!t follows from Theorem 1.2. 
PROPOSITION 3.6. The natural projection 7~: S + G induces canonical 
isomorphisms 
H”(G, A) = H”(D(S), D(z)*A), for A E Mod(G). 
Proof: Since limECs’ is left adjoint to the functor D(n)*, @‘(G, A) = 
Hom,(Z, A) =Hom,(l&“‘“’ AZ, A) = HomDo,(AZ, D(n)*A) = 
H’(D(S), D(z)*A). Therefore @(G, -) and H,(D(S), D(n)*(-)) are 
naturally equivalent. Moreover D(n*) is exact and preserves injectives. Now 
the result follows from Theorem 1.1. 
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4. RELATIONSHIP WITH THE COHOMOLOGY OF SEMILATTICE 
Let S be an inverse semigroup. We denote by L(S): D(S) + Sets the set 
valued functor which associates to each object e of D(S) the P-class 
L(S), = (x E S / x-ix = e} containing e, by ZL(S) the D(S)-module 
obtained by composing L(S) with the free abelian group functor Sets -+ Ab, 
and by KS the kernel of the D(S)-epimorphism E: ZL(S) + AZ, where E 
maps each x E L(S), into the identity element of (AZ), = Z. 
The left adjoint U of the restriction functor Mod(D(S))-+ Mod(E(S)) is 
given by 
A E Mod(E(S)), e E E(S), 
a,(UA )k Y> = ax,, x E L(S),, (e, Y> E Mor(e, f). 
Here a,: A,,-, + (UA),-,, denotes the coproduct injection. Clearly U is exact 
and, since its right adjoint is exact, preserves projectives. 
LEMMA 4.1. Let A be a D(S)-module. Then there are canonical 
isomorphisms 
H”@(S), A) = Ext;,,,(ZL(S), A). 
ProoJ Choose a projective resolution 
p: . . . +Pz+PI-,Po 
of AZ in Mod(E(S)). Since U is exact and preserves projectives 
up: . . . -+ UP, -+ UP, + UP, 
is a projective resolution of UAZ. It can be easily seen that UAZ = ZL(S). 
Hence, H”@(S), A) = H”(Hom,,,,(P, A)) = H”(Hom,,,,(UP, A)) = 
Ext&,(UAZ, A) = Ext;,,,(ZL(S), A). 
Remark 4.2. If G is a group then ZL(G) = ZG is the integral group ring 
of G. Therefore ZG is a free G-module. The previous lemma shows that, for 
an arbitrary inverse semigroup S, ZL(S) need not in general even be a 
projective D(S)-module. Infact, for an inverse semigroup S, we have the 
following equivalent assertions: 
(i) S has an identity element; 
(ii) ZL(S) is free; 
(iii) ZL(S) is projective; 
(iv> l&ho, : Mod@(S)) --f A b is exact. 
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Let S’ denote the inverse semigroup obtained from S by adjoining an 
identity element I (Z 6S S). The right adjoint of the restriction functor J: 
Mod@(Y)) + Mod(I)(S)) extends A E Mod@(S)) to A’ by adding the 
abelian group bEcSjA at I and defining 
A ‘(I, x) = 7t,,-, 0 A(xx- ‘, x), (I, x) E Mod(Z, x-lx). 
Here xX,-,: jim,,,,A -+A,,-, denotes the canonical projection. The left 
adjoint of J extends A E Mod@(S)) to A0 by adding 0 at I. Clearly A t--+ A’: 
Mod(D(S)bMod(D(S’)) is exact and, since its right adjoint is exact, 
preserves projectives. Note that (KS)’ = KS’. Therefore 
Ex&.,(KS, A) = Ext;,,,,((KS)‘, A’) 
= Ext&,,(KS’, A’). 
(4.1) 
Let us denote by 6 the composite map 
H”(E(S), A) = Ext;,,,(ZL(S), A) ---+ Ext&,(KS, A) 
S Ext&,,(KS’, A “) --+ H” + ‘@I@‘), A “). 
LEMMA 4.3. Let A be a D(S)-module. Then 
(i) the sequence 
0 - Z-Z’(D(S), A) - F’(E(S), A) --% H’(D(S’), A’) 
- H’(D(S’), A’) ----+ 0 
is exact; 
(ii) H”(D(S’), A’) = H”(D(S’), A’), for n > 1; 
(iii) H”(D(S’), A’) = H”-‘(KS, A),for n > 1. 
ProoJ Consider the short exact sequence 
O+A’+A’+A’/A’+O (4.2) 
of D(S’)-modules. The right adjoint V of the evaluation functor A H A,: 
Mod@(#)) -+ Ab associates to each abelian group B the D(S’)-module C’B 
with B at I and zeros elsewhere. Therefore V is exact and being the right 
adjoint of an exact functor it preserves injectives. Consequently, since 
Al/A’ = V(@,,,,A), we obtain 
H”(D(S’), Al/A’) = &mE,,,A, for n = 0, 
= 0, for n > 0. 
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The long exact cohomology sequence induced by the short exact sequence 
(4.2) then yields (i) and (ii). Now ZL(S’) is a free D(S’)-module so that 
Ext&,,,(ZL(S’), A’) = 0, for n > 0. Therefore the long exact cohomology 
sequence induced by the short exact sequence 
O+KS’+ZL(S’)+AZ+O 
together with (4.1) implies (iii). 
The long exact cohomology sequence induced by the short exact sequence 
O+KS+ZL(S)+AZ-+O 
together with Lemma 4.1 and 4.3(iii) gives 
PROPOSITION 4.4. Let A be a D(S)-module. Then the sequence 
0 ---+ HO(D(S), A) - @(E(S), A) A H’(D(S’), A’) - 
. . . - IT’-- ‘(E(S), A) -% H”(D(S’), A’) - H”@(S), A) - ..a 
is exact and natut-al in A. 
As an application of Proposition 4.4 we have the following 
THEOREM 4.5. Let S be a free inverse semigroup. Then 
(i) H”(D(S’), A) = 0, for all n > 2, A E Mod@@‘)); 
(ii) H”(D(S), A) 3 H”@(S), A),for all n > 2, A E Mod(D(S)) 
and the sequence 
0 --) H’(D(S), A) -+ H”@(S), A) + H’(D(S’), A’) 
4 H’(D(S), A) --t H’@(S), A) -+ 0 
is exact. 
ProoJ Since S is free, if T is an inverse semigroup and 8: T+ S is an 
onto homomorphism then there exists a homomorphism ,u: S + T such that 
,& = Id,. This implies, by [6, Theorem 7.41, that H*(D(S’), A’) = 0 for every 
D(S)-module A. It follows that H*(B(S’), A) = 0 for every D(S’)-module A. 
Hence H”(D(S’),A)=O for n 2 2. Now (ii) follows from (i) and 
Proposition 4.4. 
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5. A THEOREM OF O'CARROLL 
As already stated earlier we give a new proof for the above theorem. We 
begin with some definitions. 
Let S be an inverse semigroup. We recall that a congruence p on S is said 
to be idempotent-determined if (x, y) E p and x E E(S) imply that y E E(S). 
If, further, p is a group congruence, then p is the same as the minimum group 
congruence O, and in this case S is said to be E-unitary. 
Let X be a partially ordered set. If e, f E X have a greatest lower bound 
in X, this will be denoted by e A f: A non-empty subset $Y of % is called a 
subsemilattice of X if e, f E g imply e A f exists in X and it belongs to 
$Y’; ‘$2 is called an order-ideal of .X, if, for all e E X and all f E %/, f > e 
implies e E $?. 
We now need some considerations from [ 16, 171. 
Let S;t be the inverse semigroup of partial isomorphisms of X. In the 
following we assume that the elements of 2’$ act on the left of X. An 
inverse semigroup T is said to act on a partially ordered set X by partial 
order isomorphisms if there exists a homomorphism 8: T+ S;., such that for 
each t E T, the domain A(H) and the range V(t0) of t6 are order-ideals of X, 
and t0 is an order isomorphism. When 6 is understood from the context we 
shall use the notations te for (tO)e, At for A(M) and Vt for V(H). 
An L-triple is a triple (T, X, %/) consisting of a lower directed partially 
ordered set 2K with $? an order ideal and subsemilattice of X, and an 
inverse semigroup T acting on 2F by partial order isomorphisms in such a 
way that T%/ =X and that At # Cl for each t E T. Write 
and define a multiplication in L by the rule that 
(e, t>(f, u) = (t(t- ‘e A f >, tu). 
Under this muitiplication, L is an inverse semigroup with E(L) = ((e, t) E L 1 
t E E(T)} as its semilattice of idempotents. Let 71,: L + y and 7~~: L -+ T 
denote the projection maps. Then z1 IEC,,) is a homomorphism from E(L) onto 
$? and x2 is an idempotent determined homomorphism from L onto T. 
An L-triple (T,X,p) is called strict if there is a homomorphism a: 
$? -+ E(T) such that for each e E $?‘, ea is the least idempotent satisfying 
e E A(ea). Given a strict L-triple (T, X, $!), define 
L, = L,(T, X, 9) = ((e, t) E L ( tt-’ = ea). 
Then L, is an inverse semigroup with E, = ((e, ea) ) e E %/} as its 
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semilattice of idempotents [ 17, Theorem 21. A strict L-triple (T, X, y) is 
called fully strict if (L,,,)z~ = T. 
We now proceed to present our proof of O’Carroll’s theorem. Let p be an 
idempotent-determined congruence on an inverse semigroup S. Let T = S/p. 
We have to construct a fully strict L-triple (T, X, p) such that $? E E(S) 
and S is isomorphic to L,(T, X, g). 
We write 7~: S + T’ for the homomorphism obtained by the composition 
S + T+ T’ where, as in the previous section, T’ denotes the inverse 
semigroup obtained from T by adjoining an identity element I such that 
I & S. Let e E E(T’). The right fibre e/D(n) is a category with 
{(t,f)E TxE(S)Iet=t and t-‘t=f-c} 
as its set of objects. If (f,x) and (f, y) are any two morphisms in e/D(x) 
having the same domain and range then (x, y) E 9 f7p. Since p is 
idempotent-determined, by [ 16, Proposition 2.11, i;” n p = identity relation. 
Hence (f, x) = (f, y). Therefore, by Remark 2.4, e/D(z) can be considered as 
a preorder in which (t,f) > (tl ,f,) if and only if there exists a morphism 
(f, x): f + f, in D(S) such that t(x?r) = I,. Also, if (t,f), (tl,fi) E e/D(z) 
are elements of e/D(n) with (X)X = t and (x,)n = t, then using the 
morphisms (A fx- ‘x,f’x; ‘), (f,, f, x; ‘xfx- ‘) it can be seen that 
(Gf), (t,,fl)> (tt~'t,t;',XfX~'X,~X;')~ 
(tt-‘t, t;‘, xfx-‘x,f’x;‘) E e/D(z). Thus we have proved 
LEMMA 5.1. For every e E E(T’), e/D(n) is a lower directed preorder. 
We denote by 557 the associated (lower directed) partially ordered set of 
I/D(n) obtained by the equivalence relation: (t, e) N (t’, e’) if and only if 
(t, e) > (t,, e,) and (t, , e,) > (t, e); equivalently (t, e) - (t,, e’) if and only if 
there exists an isomorphism (e, x): e -+ e, in D(S) such that t(xz) = t,. We 
denote by (t, e) the equivalence class containing the element (t, e). Let 
jY= {(e71,e)ES(eEE(S)}. 
LEMMA 5.2. (i) jY is an order-ideal of 3. 
(ii) j? is a subsemilattice of % such that, for all e, f E E(S), -- 
(m e) A (fz, fl = ((ef) n, ef). 
(iii) The map e I--+ (z): E(S)+ j?Y is an isomorphism of 
semilattices. 
Proof. (i) If (Ge) > (rfi, (en, e) E $Y, (t, fi E Z, then there exists a 
morphism (e, x): e + f in D(S) such that xrr = (e?r)(xz) = I; hence (t,.f) = 
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(t(x-‘)n, xx-‘) = (xx-%, xx-‘) E y. Therefore $Y is an order-ideal of X. 
Statement (ii) is easy to prove while (iii) follows from (ii) and from the fact 
that, for e, f E E(S), 
- - 
(en, e) = dfn, e) if and only if e =J: 




Clearly &, is an order-ideal of X. Define a map 8: T-T5 such that if 
t E T then te: At + Vt, where At =-X; ,, and Vt =,X,,..,, is given by 
(te)(t’, e) = (tt’,), (t’,) E X. Plainly t6’ is an order-preserving isomorphism 
with (t- ‘)e as its inverse. It is easy to check that for t,, t, E T, (t, tJ0 = 
(t,)e (tJ0. For (t, e) E &, we have (t, e) = (@(en, e). Hence T%/ = Z’. 
Thus we have shown that (T, X, ‘&) is an L-triple. 
Define a map a: $? + E(T) such that (Ed, e)a = ez It follows from (5.1) 
that $? is precisely the graph of the homomorphism E(S) + E(T) induced by 
the congruence p, and that c1 is the projection of 9 onto E(T). In particular, 
CI is a homomorphism of semilattices. It follows that (T, X, %/) is a strict L- 
triple. Consider the projection rc ,:L,,,(T,%,$Y)-+T.IftETthent=x7tfor 
some x E S, and ((xY’7r, XX-~), t) is an element of L, whose image under 
7~~ in T is t. Hence (T, %, p) is a fully strict L-triple. 
The above discussion leads immediately to the theorem of O’Carroll: 
THEOREM 5.3 117, Theorem 41. The mup 
xw ((xx-‘7c,xx-’ ),xP>: S-W,X,%/) 
is an isomorphism of inverse semigroups from S onto L,. The projection 7~~ 
induces the congruence p on S. 
Remark 5.4. The merit of the method of our proof qf the theorem of 
O’Carroll lies in the fact that the partially ordered set X comes out 
naturally. In particular, if S is E-unitary then X can be obtained as the 
partially ordered set associated with the right fibre l/D(z), where 72: S + G is 
the projection of S onto its maximum group homomorphic image. It may 
also be noted that our proof in this case reduces, essentially, to the Munn’s 
proof of McAlister P-theorem (see [ 141). 
Let us now observe that the (lower directed) partially ordered set Z, 
defined by (5.2) is nothing but the partially ordered set associated with the 
right fibre h/D(x). When considered as categories they are equivalent so that 
they determine the same cohomology. If we choose an equivalence j,: x,, -+ 
h/D(n), denote by J,,: X,--t D(S) the composition of j, with the projection 
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h/D(z)-+ D(S), and apply Theorem 1.3 for the functor D(S)-+D(S/p) 
induced by the natural projection S + S/P we obtain 
THEOREM 5.5. Let A E Mod(D(S)). Then there is a spectral sequence 
E;*4 = H”(D(S/p), (RV)A) * HP+4(D(S), A), 
where (R4V)A), = H4(X,,JiA)for all q > 0 and for afl e E E(S/p). 
If now P = P(G, X, 9) is a P-semigroup [ 121 and rc: P -+ G the natural 
projection then by Remark 5.4 the lower directed set X is equivalent to the 
right Iibre l/D(x). As before choosing an equivalence j: X+ l/D(x) and 
letting Jz X + D(P) denote the composition ofj with the projection l/D(n) + 
D(P) we get from Theorem 5.5 the following. 
COROLLARY 5.6. Let P = P(G, X, 9) be a P-semigroup and let A be a 
D(P)-module. Then there is a spectral sequence 
E;vq = HP(G, Hq(X, ]*A)) * H’+‘(P, A). 
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